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ABSTWCT 

The pe r iod ic  o r b i t s  around t h e  more massive component i n  

I the r e s t r i c t e d  three-body problem have been taken as represent-  

ing q u a n t i t a t i v e l y  t h e  r o t a t i n g  gaseous r i n g s  discovered through 

the i r  emission l i n e s  i n  many ec l ip s ing  b inar ies .  The pe r iod ic  

o r b i t s  have been obtained f i r s t  through a s e r i e s  expansion and 

fu r the r  improved by t h e  successive approximation. Thus, a 

t h e o r e t i c a l  r e l a t i o n ,  in  a tabulated form, has been obtained 

between the v e l o c i t y  of t he  emission r i n g  and i t s  d i s t ance  from 

the more massive component f o r  each of  s i x  values  of the  mass 

r a t i o  of the two component s t a r s .  

b 

By using t h i s  t h e o r e t i c a l  r e l a t i o n ,  t h e  masses of  two com- 

ponents i n  t h e  binary system mag be determined by observing the 

emission r i n g  during ec l ipse .  As an i l l u s t r a t i o n  the  masses of  

- t h e  two conponents of RY Gem have been found. 

Applying the  same idea of t h e  per iodic  o r b i t s ,  w e  have also 

examined t h e  na tu re  of  non-synchronous r o t a t i o n  i n  U Cep and RZ 

Sct.  

I, INTERPRETATION OF THE ROTATING R I X G S  

IN TERIIS OF P E R I O D I C  ORBITS 

Since  the  discovery by Jog (1942, 1947) of t h e  gaseous 
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emission r i n g  around the primary component i n  RW Tau, i t  has been 

found t h a t  r i n g  occurrence i s  a common phenomenon i n  b i n a r i e s  of 
I 

t h e  Algol type (e .g. ,  Sahade 1960). Vhile i t s  formation i n  such 

binaries can only be qualitatively understood (Huang 1957) because 

of t h e  mathematical d i f f i c u l t y  i n t r i n s i c  to such H problem, i t s  

behavior, once it has been already formed, can be represented i n  

a q u a n t i t a t i v e  manner. 

The s imples t  r ep resen ta t ion  of the gaseous r i n g  i n  the  binary 

s y s t e n  is by t h e  c l a s s i c a l  two-body problem. The p a r t i c l e s  i n  
4 

the r lng may be t r e a t e d  as moving in t h e  g r a v i t a t i o n a l  f i e l d  of J 

the primary component alone. This i s  obviously an over-s implif ica-  ,:+ 

t i o n  because of t h e  neglec t  o f  t h e  secondary component. On t h e  

o the r  hand, a r e a l i s t i c  r ep resen ta t ion  of t h i s  problem from t h e  

po in t  of view o f  hydrodynamic flow tu rns  out  t o  be very d i f f i c u l t .  

The ac tua l  a t tempts  t o  solve t h e  problem i n  this way have been 

confined only t o  t h e  case where the pressure is neglected.  I n  

o t h e r  words the  hydrodynamic approach so  fzr has taken i n t o  con- 

s i d e r a t i o n  only c o l l i s i o n s .  

s i g n i f i c a n c e  of t h e  r e s u l t  remains doubtful.  

Huang 1965). 

Zven w i t h  t h i s  s impl i f i ca t ion ,  t h e  

(Prendergast  1560, 

Hereby we suggest a compromise method of mathematical 

r ep resen ta t ion  which, though no t  as genera l  a s  a hydrodynamic 

solution, takes  the  effect of  both components i n t o  considerat ion.  

A s  we shall see, t h i s  method w i l l  n o t  be inva l ida t ed  by t h e  

c o l l i s i o n s  of p a r t i c l e s  a s  l o n g  as the pressurc!  term can be 

neglec ted ,  Therefore i t  i s  equivalent t o  t h e  hydrodynrmic 

approach without t h e  pressure term. 

6 

* 

In order to see  t h i s  point  l e t  us consider  t h e  res t r ic tec i  

three-body problem. The c a l c u l a t i o n  of the  pa ths  of  a t e s t  
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p a r t i c l e  i n  a b ina ry  system under d i f f e r e n t  i n i t i a l  cond.itions 

by the a i d  o f  t he  r e s t r i c t c d  three-body p r o b l ~ n i  h i s  beon porfoimocl. 

p rev ious ly  by several i nves t iga to r s  (Could 1959, hopal  1959) . 
There a r e  ind ica t ions  that p a r t i c l e s  e j ec t ed  froin t h e  less massive 

component have t h e  tendency t o  c l r c l e  the more massive component 

i f  t h e  mass rati.0 of t h e  two component stars a n d  t h e  i n i t i a l  con- 

d i t i o n s  a r e  favorable .  However t h e  present  method d i f f e r s  f r o m  

the previous ca l cu la t ions  by point ing out  the func t ion  of per iodic  

o r b i t s  tha t  e x i s t  f o r  t h e  t h i r d  body around each component o f  t h e  

sys  t em . These periodic  
- 

o r b i t s  a r e  ve ry  nea r ly  c i r c u l a r  and 

we may t a k e  the  gaseous r i n g s  as following 

their paths, Such a view i s ,  of course, no t  new. It has 

been pointed out  before  that t h e  r e s t r i c t e d  three-body problem 

bears  ~ analogy t o  the s teady flow of an incompressible f l u i d  

i n  which c e r t a i n  s t reaml ines  correspond t o  pe r iod ic  o r b i t s  (e.g. 

Szebehely 1961).  

cond i t ion  f o r  t h e  ex i s t ence  of gaseous  r i n g s  i s  tha t  t h e  per iodic  

o r b i t s  a r e  s t ab le .  If they  a r e  s t a b l e ,  a slight change i n  i t s  

v e l o c i t y  a t  any p o i n t  w i l l  not  d i s t u r b  t h e  p a r t i c l e  f a r  f rom t h e  

p e r i o d i c  one. I n  o t h e r  words, i n  the neighborhood of  each s t a b l e  

o r b i t  t h e r e  e x i s t  an i n f i n i t e  number of  n e a r l y  pe r iod ic  o r b i t s ,  

a f o r m 1  

According t o  this poin t  of view t h e  necessary 

none of which dev ia t e s  d r a s t i c a l l y  from t h e  p e r i o d i c  one. We may 

then  v i s u a l i z e  t h e  motion of ind iv idua l  p a r t i c l e s  i n  t h e  r o t a t i n g  

gaseous r i n z  as each following one of  these  nearly per iod ic  

o r b i t s .  A s  a r e s u l t  of c o l l i s i o n s  among themselves, each p a r t i c l e  

s h i f t s  from one nea r ly  per iodic  o r b i t  t o  another.  Taken as a 

whole t h e  r o t a t i n g  r i n s  keeps i t s  s t a t i o n a r y  appearance a t  l e a s t  
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’ f o r  a s h o r t  time s c a l e ,  s ay  for a period. Here we can see  how 

. t he  p resen t  method includes t h e  c o l l i s i o n s  of p a r t i c l e s  i n t o  

considerat ion.  On the  o ther  hand, i f  t he  per iodic  o r b i t  i s  

unstable ,  t h e  r i n g  can never be maintained because p a r t i c l e s  

w i l l  d e p a r t  from t h e  per iodic  so lu t ion  r a p i d l y  as  soon as they  

are  s l i g h t l y  devia ted  f r o m  the exact  pe r iod ic  so lu t ion .  

Such a view of  t h e  r o t a t i n g  gaseous r i n g  i n  tenns of t h e  

s t a b i l i t y  of pe r iod ic  o r b i t s  i n  the r e s t r i c t e d  three-body 

problem bas i t s  advantage i n  two r e spec t s .  

the necessary condi t ion  f o r  t h e  r i n g  formation can be mathe- 

ma t i ca l ly  t r e a t e d  because the’ problem of stability of t h e  

p e r i o d i c  o r b i t  i n  t h e  r e s t r i c t e d  three-body problem has been 

formulated.  The e a r l y  method introduced by H i l l  (1886) and 

Darwin (1897) f o r  t h e  s t a b i l i t y  c r i t e r i o n  i s  t ed ious  because it 

I n  t h e  f i r s t  place,  

involves  t h e  c a l c u l a t i o n  o r  an i n f i n i t e  matrix.  However, recent-  

l y  s impler  numerical methods (Huang 1963, u e p r i t  and P r i c e  1965, 

H&on 1965) have been devised. 

t h a t  by Deprit  a n d  P r i c e  a r e  i d e n t i c a l .  Fo r  pe r iod ic  o r b i t s  i n  

the p l ane  of symnetry t h e  s t a b i l i t y  c r i t e r i o n  i s  reduced t o  the  

i n v e s t i g a t i o n  of a f o u r t h  order  matrix. 

which has an irrmediate appl ica t ion  t o  empir ical  d a t a  i s  that  

The method suggested by Huang and 

The second udvuntzge 

the  r o t a t i o n a l  v e l o c i t i e s  o f  the gaseous r i n g  may now be  real- 

i s t i c a l l y  evaluated, s i n c e  t h e  per iodic  orbits i n  t he  r e s t r i c t e d  

three-body problem can  b e  determined e i t h e r  a n a l y t i c a l l y  a s  

shown i n  t h e  f o l l o w i n 2  sec t ion  o r  by t h e  method of’ successive 

approximat i o n s  . 
, 
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11. A SE%IES SOLUTION FOli PLs'RIO1)TC ORBITS 

A s e r i e s  s o l u t i o n  f o r  the per iod ic  o r b i t s  may 3e obtained 

Let us take  t h e  t o t a l  mass of t h e  two by t h s  usual technique, 

f i n i t e  b o d i e s  as t h e  u n i t  of mass, t h e i r  s e p a r a t i o n  the unit 

of l e n g t h  and Tb2r the  u n i t  of t ime where p represents  t h e  
o r b i t a l  per iod  of t h e  two f i n i t e  bodies,  

t o  be loca ted  a t  t h e  more massive body, t h e  equation of no t ion  

of the t h i r d  ( i n f i n i t e s i m a l )  body i n  t h e  r e s t r i c t e d  three-body 

problem i n  t h e  o r b i t a l  plane may be w r i t t e n  i n  t h e  r o t a t i n g  

p o l a r  coordinate  system as 

0 
If we choose t h e  pole  
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where ( f2 , 0 ) denotes  t h e  p o l a r  coord ina te s  of  t h e  t h i r d  

body, and f i  and J ) t r e s p e c t i v e l y  t h e  d i s t a n c e s  of t h e  i n f i n i -  

tesimal body from t h e  two f i n i t e  bodies,(Obviouslg 

The p o l a i a x i s  which r o t a t e s  with t h e  two f i n i t e  bodies  is 

directed from the  more massive body (of mass 1- 

loss massive body (of mass 

f: J 

/" to the 

I 

P ) *  
WhenfL equals zero, it becomes a two-body problem. 

a l l  c i r c l e s  with t h e i r  c e n t e r  a t  t h e  o r i g i n  a r e  t h e  p e r i o d i c  

e o l u t i o n s  of  t h e  problem. 

small, t h e  p e r i o d i c  o r b i t  deviates only s l i g h t l y  from the c i r -  

c u l m  one. 

if the p e r i o d i c  s o l u t i o n s  ex i s t , t hey  may be r ep resen ted  by 

Thus, 

We can now argue t ha t  if ,U is 

F- TPherefore, The d e v i a t i o n  obviously depends upon 

where /lo and are t o  be determined and are  independent o f  

time (Huang 1964). S u b s t i t u t i o n  o f  equat ions  ( 3 )  and (4) i n t o  

equa t ions  (1) and ( 2 )  g ives  equat ions  of p e r t u r b a t i o n  i n  d i f -  

f e r e n t  o r d e r s  of approximat ion .  

appro xima t i on g i v e s  e, The z e r o t h  o r d e r  ( 

which is simply R e p l e r ' s  t h i r d  law i n  t h e  problem of two 

component and t h e  t h i r d ,  i n f i n i t e s i -  -r bod ies ,  namely t he  1 



m a l  body. The first torn 

equat ions  a r e  expressed 

Thus, A may have p o s i t i v e  o r  nega t ive  va lues ,  corresponding 

r e s p e c t i v e l y  t o  t h e  d i r e c t  and r e t rog rade  motion of  the third 

body. 

- 6 -  

includes I h+ I instea.?’pf A because the  

i n  t h e  r o t a t i n g  coord ina te  system. 

The first order ( /u I ) approximation yields 

if t h e  terms involv ing  t h i r d  and h ighe r  o rde r s  o f  f l  arc 
neg lec t ed .  0 

With t h e  same degree  of  approximation as regards  t o  t h e  

s e r i e s  i n  8, , t h e  second order  ( ) equat ions  are: 

d’A 2 - Z ( A t I ) h  2 l= “E- 
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and 

In a s imi l a r  way, equa t ions  o f  p e r t u r b a t i o n  i n  h igher  o r d e r s  

can be de r ived  in  terms of t h e  s o l u t i o n s  of the equat ions of 

lower orders. 

The s o l u t i o n s  of equat ions  (6) and (7) can be e a s i l y  

found : 
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where f n  and ,!% are defined by 
* 

It should be noted t h a t  A ( o r  equ iva len t ly ,  fs ) is 

an i n t e g r a t i o n  cons t an t  i n  t h e  unperturbed case.  It d e f i n e s  

as well as l a b e l s  t h e  c i r c u l a r  o r b i t s ,  each o f  which i s  used 

as t h e  r e fe rence  o r b i t  f o r  t h e  per turbed  c a l c u l a t i o n .  

words, t h e  s o l u t i o n s  f o r  d i f f e r e n t  o rde r s  of pe r tu rba t ion  r e -  

p r e s e n t  small v a r i a t i o n s  from t h e  c i r c u l a r  o r b i t  which is f ixed 

by assigning a d e f i n i t e  value t o  

t h e  b a s i c  assumption involved i n  t h e  p re sen t  method. 

becomes obvious t h a t  t h e  presence of  t h e  3 
I 

t i o n  of  t he  pe r tu rbed  equat ion i s  incompatible  wi th  this as- 

sumption and consequent ly  f? must vanish ,  because 4'T , 
which i n c r e a s e s  with f , cannot be kept sinall i n d e f i n i t e l y .  

Hence, a l though t h e  f o u r  a r b i t r a r y  cons t an t s  i n  t h e  s o l u t i o n  

and B2' , t h e  fou r  cons t an t s  i n  t h e  solution o f  equat ions  

(1)-(2) are 9 A ,  3 A, 9 and B 

I n  o t h e r  

i n  each case.  This is 

It then 
1 

term i n  t h e  so lu -  

/ 

1 

of t h e  d i f f e r e n t i a l  equat ions  (6)-(7) are A, / , A2 / 3, t a rb i t r a ry  

/ / l '  I 

L 
The previous  argument may be stated in a n o t h e r  way. Let 
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us i n t r o d u c e  de f ined  by . 
-f- 2- 8 4. 

/ no (J3) 
Clearly 

t u rbed  case and t h e r e f o r e  is an i n t e g r a t i o n  cons t an t  f o r  the  

s o l u t i o n  of equat ions  (1)-(2). But we can combine /I' and 

p,;./np according t o  equa- 

t i o n s  (13) l eav ing  i n  t o t a l  f o u r  i n t e g r a t i o n  c o n s t a n t s  A , 

denotes  t h e  mean a n g u l a r  v e l o c i t y  i n  the per- 

t o  form a s i n g l e  cons t an t  -A 

, , and & i n  t h e  f i n a l  s o l u t i o n .  
I 1 

In  gene ra l ,  i f  h igher  o r d e r s  of /cL a r e  cons idered ,  t h e  

i n t e g r a t i o n  c o n s t a n t s  w i l l  be A , 'A, , A, 9 and BL 
defined by 

because,  as we can s e e  eas i ly ,  the  complementary f u n c t i o n s  i n  

d i f f e r e n t  o r d e r s  of approximation a r e  of t h e  same form. So;jeyjer, the 
problem of  convergence 0" the ser ies  hss not been inTIsstig"Lted. 

The g e n e r a l  s o l u t i o n  does  not give t h e  p e r i o d i c  o r b i t s  

because t h e r e  are  two fundamental pe r iods ,  
I 

and 27"/h , with s e v e r a l  harmonics of t h e  l a t t e r .  However, 

s i n c e  t h e  ex i s t ence  of some p e r i o d i c  s o l u t i o n s  has been proved, 

these p e r i o d i c  o r b i t s  must correspond t o  t h e  p a r t i c u l a r  i n t e g r a l  

-ob ta ined  f rom equat ions  (10) and (11) by s e t t i n g  /4, = fl: = B 
/ I 

= 0, = 0. 

2x/A 
corresponding t o  i t s  harmonics. Thus, t he  p e r i o d i c  o r b i t s  

f / / 

Then t h e  s o l u t i o n s  con ta in  only  t e r a s  wi th  pe r iod  

of t h e  fundamental  o s c i l l a t i o n ,  and s h o r t e r  pe r iods  

around t h e  1 component may be given,  t o  the  first o r d e r  
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by 0 ’  and t h e  second ordor of n 

where 

3 

It fo l lows  froni t h e  so lu t ion  given by equations (10)  and 

(11) that ,  i n  geaeral ,  a pe r iod ic  s o l u t i o n  can b e  obtained. f o r  

any given va lue  of A only by s e t t i n g  A I ’ A p  p, ’ and BL 
equal t o  zero.  Thus, one per iodic  o r b i t  i s  a s soc ia t ed  with 

one va lue  of the  period. However, if /1 , and consequently 

A/ ( A  + 1) a r e  r a t i o s  of two in t ege r s ,  a r b i t r a r y  ( sml l )  

va lues  f o r  t he  o the r  t h r e e  i n t e g r a t i o n  constants  may all l ead  

t o  pe r iod ic  o r b i t s .  

unstable .  For example, t he  c o e f f i c i e n t s  defined by equations 

( 1 2 )  diverge when ,A = 1, = h, e t c .  This i s  c r e d i b l e  

because both t h e  a s t e r o i d s  and Saturn’s  r i n g s  show gaps due 

t o  conimeasurability. 

by t h e  p a r t i c u l a r  wag of expansion of t he  s o l u t i o n .  

t h i s  would i n d i c a t e  t h a t  the  p r e s e n t  method cannot be appl ied 

t o  the cornmeasurable per iodic  o r b i t s .  

These cormeasurable o r b i t s  a r e  perhaps 

However t h i s  divergence could be introduced 

If s o ,  
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then t h e  solutions of R ,  and hob, given by  equat ions 

(15) and (16)  a r e  s u b s t i t u t e d  i n t o  t h e  second order  equations 

( 8 )  and ( 9 )  and when the r e s u l t i n g  equations are simplified, 

we obtain:  ~ 

I 
I 

These equat ions have t h e  same form as equations ( 6 )  and (71, 
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except f o r  more terms on t h e  s igh thand s i d e .  Therefore ,  t h e  

s o l u t i o n  can be der ived  in t h e  sane manner as in t h e  case  of  

t h e  first order equat ions ,  a l though f i n d i n g  t h e  e x p l i c i t  

exp res s ions  of t he  solutions is much more t e d i o u s  because of 

the l eng thy  equat ions  t h a t  d e f i n e  

111. RADIUS AHTI VELOCITY RELATION 

Under t h e  approximation by t h e  two-body problem, t h e  

v e l o c i t y  of gaseous p a r t i c l e s  r evo lv ing  around the more 

massive component is r e l a t e d  t o  t h e  r a d i u s  of t h e  c i r c u l a r  

r i n g  by t he  s imple r e l a t i o n  

P i n  t h e  adopted u n i t  system. When t h e  e f f e c t  of  t h e  

component is considered, t he  p e r i o d i c  o r b i t  i s  not  exac t ly  

c i r c u l a r  (a l though it is nearly so) and t h e  speed of  t h e  par-  

t i c l e  moving i n  any per iodic  o r b i t  is no longer cons tan t .  

However, obse rva t iona l ly  we observe t h e  radius and t h e  velo- 

c i t y  o f  t h e  r o t a t i n g  gaseous r i n g  only a t  t h e  time o f  p r i n c i -  

p a l  e c l i p s e .  Therefore, we can f i n d  a r e l a t i o n  between the 

d i s t a n c e  from t h e  central s t a r  (ice*, /L ) and t h e  v e l o c i t y  

at t h e  time of  p r i n c i p a l  ec l ip se .  Obviously the  relation 

i nvo lves  ld as a parameter.  / 
We have first appl ied  the  r e s u l t  of t h e  previous s e c t i o n  

t o  o b t a i n  the  pe r iod ic  o r b i t s  around t h e  1 L component. 

For large o r b i t s ,  a method of  success ive  approximation 
-/c 



- 12  - 0 'Ldr lh  .. . 

(Xuong and Wade 1963) has  t o  be used t o  improve t h e  analytical  

result which is only approximate. Thus s ix  series o f  p e r i o d i c  

orb i t s  around t h e  1 

plane o f  symmetry. In  

expressed t h e f i i n i t i a l  cond i t ions  i n  t h e  r e c t a n g u l a r  coord ina te  

( 35 .;=A ca5- 0 -= ,  j = / Z p $ i . e . ,  

the o r i g i n  of t h e  ( ) system is a t  t h e  center of mass 

of t h e  two f i n i t e  bodies .  

of 4J a n d a x  are zero. Hence, only t h e  i n i t i a l  va luerof  

A 

i component have been de r ived  i n  t h e  

Table 1 we have 
-P 

;L. 
I ) system def ined  by 

In all cases ,  t h e  i n i t i a l  values 
0 

and 7 a r e  given. 

Once t h e  g e r i o d i c  o r b i t s  have been found, we can proceed 

t o  de te rmine  the  values of 2 and of  at t h e  p o i n t s  
a 

where '$ - 0. These va lues  are given r e s p e c t i v e l y  i n  

t h e  first and second columns of Table 2 

COrreSpOnding t o  s i x  va lues  of  

the r a d i u s  and the v e l o c i t y  of t h e  gaseous r i n g  observed 

du r ing  p r i n c i p a l  e c l i p s e .  

two points in each pe r iod ic  o r b i t  where 

again for s i x  s e r i e s  

. They should r ep resen t  P 
It may be noted t h a t  t h e r e  are 

= 0 with 9 
and i n  opposite signs. But the magnitudes 

of * and 5 c a l c u l a t e d  at t hese  two p o i n t s  are iden-  

t i c a l  w i th in  t h e  accuracy of the f i g u r e s  given. i n  the t a b l e .  

both 2 
d 

As a comparison we list i n  the l a s t  column o f  Table 2, t h e .  

circular v e l o c i t y  obta ined  by s e t t i n g  i n  equat ion  (19). r h = 
As we have pointed ou t  be fo re ,  gaseous r i n g s  a r e  most 

l i k e l y  formed i n  binaries with /'L S o e 3 .  At t h e  same t ime 

b i n a r i e s  wi th  U < 0.1 have l i t t l e  chance t o  have t h e  mass 

r a t i o  a c c u r a t e l y  determined by observation. 
1 

Therefore, t h e  
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t a b l e  covers  t h e  range o f  /c" t h a t  has  a 2 r a c t i c a l  i n t e r e s t .  

P e r i o d i c  o rb i t s  e x i s t  also around t h e  less massive com- 

ponent of a binary system. Therefore,  based on t h i s  f a c t  

a lone  one would expect t o  f i n d  some gaseous ring revolv ing  

around the  less massive component. Indeed, such is t h e  c a s e  

of S a t u r n ' s  r i n g  if w e  take t h e  Sun and Sa turn  as a b ina ry  

system. However, no emission r i n g s  have y e t  been found around 

the  less massive component i n  e c l i p s i n g  binaries. This could 

r e s u l t  from t h e  o b s e r v a t i o n a l  $ e l e c t i o n .  

t h e r e  are some i n t r i n s i c  reasons  t h a t  induce us t o  sugges t  

t h a t  such a s i t u a t i o n  does no t  happen e a s i l y  i n  c l o s e  b i n a r i e s  

On t h e  o t h e r  hand, 

(Huang 1965). 

As can be seen  from Table 2, a d i f f e r e n c e  e x i s t s  between 

the  v e l o c i t y  of t h e  gaseous r i n g  c a l c u l a t e d  from p e r i o d i c  

o r b i t s  i n  t h e  three-body problem and t h a t  from equat ion (19 )  

in t h e  sense  t ha t  t h e  l a t t e r  i s  s y s t e m a t i c a l l y  l a r g e r  t h a n  

t h e  former. 

sence of t he  secondary component. Thus, it i n c r e a s e s  with 

T h i s  d i f f e r e n c e  measures t h e  e f f e c t  o f  t h e  p re -  

/L obviously because t h e  f a r t h e r  away t h e  r i n g  from t h e  

primary component, t h e  g r e a t e r  is t h e  i n f l u e n c e  of t h e  secon- 

dary component. 

i n c r e a s e s  with ,N f o r  t h e  same va lue  of R/ . 
It is  equally obvious t h a t  t h e  d i f f e r e n c e  

The v e l o c i t y ,  , i n  Table  2 from t h e  three-body ca lcu-  

l a t i o n  r e p r e s e n t s  a func t ion  of two variables 1% and /Cc , 
i.e., 

analytically, an i n t e r p o l a t i o n  formula may be e a s i l y  devised 

from t h e  t a b l e .  One i n t e r p o l a t i o n  formula may be of  t h e  

L 
= ~ [ f i , , U ) .  Although it cannot be w r i t t e n  down 
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w i t h  c o n s t a n t s  Co , C, , cz , and 5 t o  be determined by 

the t a b u l a t e d  values . 

IV. DETERPIINATION OF THE MASS U T I 0  

PROM THE RADIUS-VELOCITY RELATION 

Since t h e  r ad ius -ve loc i ty  r e l a t i o n s  o f  t he  gaseous 

emission r i n g  depends upon t h e  mass r a t i o  

system, we may determine t h e  mass-ratio from the observed 

va lues  of t h e  r a d i u s  and t h e  v e l o c i t y  of the  r ing.  

c o n s i d e r a t i o n  of symmetry, the r i n g  must lie in t h e  o r b i t a l  

plane of the b ina ry  system. Its i n c l i n a t i o n  being known, 

its v e l o c i t y  a t  t h e  time of p r i n c i p a l  e c l i p s e  can t hen  be 

ob ta ined  simply from the Doppler s h i f t s  of  t h e  emission line. 

The radius of t h e  ring may be obtained from t h e  t ime o f  e c l i p s e  

of t h e  emission line i n  t h e  same way t h a t  t h e  r a d i i  o f  t h e  two 

component stars are determined from t h e  d u r a t i o n  of t h e  prin- 

c i p a l  and secondary eclipses. Unfortunately a l l  t h e  prev ious  

works on t h e  emission l i n e  depend upon the spectrogram which 

takes a long time t o  expose. Consequently, i n  no case t h e  ra- 

c, of the  b ina ry  I/" 
From a 

dius of t he  gaseous r i n g  has been determined accu ra t e ly .  

can be suggested for t h e  f u t u r e  s tudy i s  t o  d e r i v e  a l i g h t  

cu rve  for encli one of the emission l i n e s .  Perhaps wi th  t h e  

use of an image i n t e n s i f y i n g  device ,  t h i s  can now be done. 

What 
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The major problem in designing t h i s  kind of  ins t ruments  is 

how t o  t a k e  i n t o  account the Doppler s h i f t  of t h e  l i n e  such 

tha t  t h e  measured l i g h t  i n t e n s i t y  covers  no more and no l e s s  4 4 %  

the en t i r e  emission l i n e  a t  any phase. Such an inst rument  

w i l l  be use fu l  n o t  on ly  i n  t h e  p r e s e n t  case o f  t h e  gaseous 

emission r i n g  b u t  a l s o  f o r  s tudying  t h e  s u r f a c e  a c t i v i t y  o f  

t h e  s t a r  i n  t h e  e c l i p s i n g  b inary  system i n  more or less  t h e  

same way t h a t  t h e  spec t rohe l iograph  is u s e f u l  for t h e  s tudy  

of t h e  s o l a r  surface. 

To r e t u r n  t o  t h e  problem of mass de termina t ion  we may 

r e c a l l  t h a t  t he  v e l o c i t i e s  used i n  t h e  prev ious  c a l c u l a t i o n  

and given i n  Tables  1 and 2 a r e  dimensionless.  

a c t u a l l y  observed veloci ty  o f  t he  emission r i n g ,  

t h e  t ime of  p r i n c i p a l  e c l i p s e  is  related t o  

Thus,  t h e  

x,,L , a t  
of  Table 2 by 

. 
where is t h e  i n c l i n a t i o n  of the orbital p lane ,  &. i s  

t h e  semi-major a x i s  of t h e  r e l a t i v e  o r b i t  of t h e  two compo- 

n e n t s  with masses jv and M,, a l l  expressed i n  t h e  c.g.s.  
1 

units. It can be easi ly  obta ined  from equat ion  (20) t h a t  

where \/ 
t h e  pr imary component and R t h e  e c c e n t r i c i t y  of t h e  b inary  

o r b i t .  Equation (21) determines t h e  mass r a t i o  /,C from t h e  

denotes  t h e  semi-amplitude o f  t h e  v e l o c i t y  curve o f  
' I  

/ 
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observable  q u a n t i t i e s  grit and f l /  . As a sugges t ion  for 

t h e  p r a c t i c a l  procedure we may p l o t  t h e  curves  xw 
versus n/ f o r  d i f f e r e n t  va lues  of  /cc given in Table 2. 

t h e  vz lue  of 

off from t h e  diagram by f ind ing  the curve o f  /dL on which t h e  

/I6 
Then 

.t for any p a r t i c u l a r  case  may simply be r ead  / 

L is known, t h e  masses of both components can be 

e a s i l y  de r ived  from t h e  mass func t ion .  Thus, a s  far as t h e  

de t e rmina t ion  o f  s t e l l a r  masses is concerned, t h e  obse rva t ion  

of the gaseous r i n g  i s  equiva len t  t o  t h e  obse rva t ion  spec t ro-  

s c o p i c a l l y  of t h e  l e s s  massive component which is  u s u a l l y  n o t  
tho  

seen o u t s i d e  p r i n c i p a l  e c l i p s e .  However, s i n c e  V is  ca lcu-  

l a t e d  from t h e  r e s t r i c t e d  three-body problem, we can apply 

t h i s  method f o r  determining s t e l l a r  masses only for systems 

A 

A *UT 
with small _e . This  does,,mean a drawback of t h e  p re sen t  

method because r o t a t i n g  r i n g s  a r e  un l ike ly  t o  be a s soc ia t ed  

wi th  b i n a r i e s  having l a rge  e c c e n t r i c i t i e s  where motion o f  t h e  

secondary component e x e r t s  a l a r g e  d i s t u r b i n g  e f f e c t  on the  

s t a b i l i t y  of t he  gaseous r ing .  

A6 an example, we may apply t h e  present  method t o  deter- 

mine t h e  masses of RY Gem which has been s tud ied  by Wyse (1934) 

Gaposchkin (1946) and McKellnr (1949). According t o  McKellar, 

of t h e  r i n g  is  t h r e e  t imes t h e  r ad ius  of t h e  primary component. 

The radius of the  primary component has n o t  been exactly d e t e r -  

mined from photometric d a t a .  Wyse gave a s o l u t i o n  ( t h a t  con- 
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s i d e r s  limb darkening)  of 0.108 f o r  the  pr imary  but Gaposchkin 

gave t h e  same q u a n t i t y  two va lues  --0.086 from photographic 

measures and 0.079 -- from v i s u a l  measures. 

mate we t a k e  t h e  mean of t hese  t h r e e  values .  

WithT;,% 

As a rough e s t i -  

T h i s  would g i v e  

= 7.38, 
v e r s u s  n/ 

/ K l  
& - .273 for t h e  gaseous r i n g .  

we can e a s i l y  f i n d  from t h e  family of  X,%/K, 
curves  t h a t  & is about equal  t o  0.195, It then  fo l lows  from 

t h e  mass f u n c t i o n  t h a t  Mi =jy,? , ,?and 

as determined fron! t h e  l i g h t  curve used. As a comparison 

McKellar gives a n  e s t i m a t e  of  1.7 M f o r  pi, . The r e s u l t s  

derived he re  are  t e n t a t i v e  s ince & is not  accu ra t e ly  measured 

from t h e  e c l i p s e  of t h e  emission ring. Also,  t h e  s t e l l a r  

abso rp t ion  l i n e  may be a f f e c t e d  t o  a s u f f i c i e n t  e x t e n t  by t h e  

gaseous stream. T h i s  makes t h e  semi-amplitude /f of t h e  

v e l o c i t y  curve somewhat uncer ta in .  However, t h e s e  a r e  a l l  

o b s e r v a t i o n a l  u n c e r t a i n t i e s  and do not  r e f l e c t  any f l a w  on 

t h e  p a r t  of t h e  b a s i c  p r i n c i p l e  o f  such a de termina t ion  of  

s t e l l a r  mass. 

wL= 0.5 MQ if A: -85 0 
/ 

0 

1 

V. NON-SYNCHRONIZATION OF U ChP ATJD RZ SCT 

It has been found obse rva t iona l ly  t h a t  a x i a l  r o t a t i o n  o f  

c l o s e  b i n a r y  components a r e  i n  gene ra l  s p c h r o n i z e d  t o  t h e i r  

o r b i t a l  motion. T h i s  r e s u l t  i s  indeed expected from t h e o r e t i -  

c a l  cons ide ra t ions .  Kowever, t h e r e  a r e  a few c l o s e  b i n a r i e s  

where synchron iza t ion  is no t  observed. I n  some c a s e s  t h e  s t a r  

r o t a t e s  s l o w e r ,  and i n  o ther  c a s e s  it r o t a t e s  f a s t e r  than 

expected from synchronism. Non-synchronization o f  t h e  l a t t e r  

c a s e s  has been found  i n  U Cep and RZ Sc t  (Struve 1944, 1963). 
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We have suggested t h a t  non-synchronization of U Cep and 

RZ Sct i s  d u e  t o  t h e  t r a n s p o r t  of angular  momentum t o  t h e  p r i -  

mary component by t h e  e j e c t e d  p a r t i c l e s  from t h e  secondary com- 

ponent (Huang 1966). Two p o s s i b i l i t i e s  a r i s e  from t h i s  sugges- 

tion. F i r s t ,  t h e  e j e c t e d  p a r t i c l e s  may form a r o t a t i n g  r i n g  

that is  s o  c l o s e  t o  t h e  primary such t h a t  we cannot observa- 

t i o n a l l y  d i s t i n g u i s h  it from t h e  r e v e r s i n g  l a y e r .  O r ,  i n s t e a d  

o f  developing a r o t a t i n g  r i n g ,  t h e  gaseous p a r t i c l e s  f a l l  i n t o  

the  atmosphere of t h e  primary. The axial  r o t a t i o n  of t h e  a t -  

mosphere w i l l  then be accelerated by t h e  f a l l i n g  p a r t i c l e s  o f  

large angu la r  momentum p e r  unit mass. In  e i t h e r  case we will 

see large r o t a t i o n a l  d i s tu rbances  i n  t h e  v e l o c i t y  curve and 

o b t a i n  t h e  result that  t h e  primary r o t a t e s  fas te r  than t h e  

synchronized v e l o c i t y .  

In  order t o  determine which one of  t h e  two p o s s i b i l i t i e s  

corresponds t o  t h e  t r u e  n a t u r e  o f  t h e  event we may first o b t a i n  

t h e  p e r i o d i c  o r b i t s  ve ry  close t o  t h e  primary component. The 

initial c o n d i t i o n s  tha t  lead t o  t h e s e  p e r i o d i c  s o l u t i o n s  are:  

1- = 0*29  
= - 0.49, $ = - 1.6985 f o r  U Cep w i t h  

= - 1.7345 f o r  RZ Sct  w i t h  /L= 0.119. $ and X. = - 0.349, 

( In  b o t h  cases 2 = 2 = 0,) The p e r i o d i c  o r b i t s  correspond- 

i n g  t o  t h e s e  i n i t i a l  c o n d i t i o n s  have the  fol lowing p r o p e r t i e s  . 
I n  t he  c a s e  o f  U Cep, the  v e l o c i t y  magnitude, ?r , var ies  

from 1.65 t o  1.70 and i ts  d i s t a n c e ,  ,/% , t o  t h e  c e n t e r  o f  t h e  

primary v a r i e s  from 0.200 t o  0.204 as compared w i t h  0.20 f o r  

d 

t h e  photometr ic  r a d i u s  of t h e  primary. I n  t h e  case of HZ S c t ,  

qJ and range r e s p e c t i v e l y  between 1.71 and 1.73, and 
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l e  t h e  photometric r a d i u s  of the  

primary i s  9.23. I n  e i t h e r  case,  t h e  o r b i t  i s  ve ry  near ly  

c i r c u l a r  and c l o s e  t o  t h e  primary's surface.  Therefore,  if 

a gaseous r i n g  is  indeed formed c l o s e  t o  t h e  primary, i t s  

r o t a t i o n a l  v e l o c i t y  must be given by t h a t  of the  per iodic  orbit,.  

Since t h e  computed range of r o t a t i o n a l  v e l o c i t i e s  a t  d i f f e r e n t  

po in t s  i n  t h e  o r b i t  i s  narrow, and s i n c e  t h e  observat ional  

value i s  n o t  accura te ,  we may simply t a k e  t h e  mean of t h e  

computed range f o r  the purpose o f  comparing i t  w i t h  observation. 

Converted t o  the  conventional u n i t s  t h e  r o t a t i o n a l  v e l o c i t y  of 

t he  gaseous r ing  c l o s e  t o  t h e  primary of U Cep should be about 

470 km/sec, while t h e  a c t u a l  value determined from t h e  d i s t u r -  

bance of t h e  v e l o c i t y  curve amounts t o  300 km/sec. For RZ Sct  

t h e  r o t a t i o n a l  v e l o c i t y  of a gaseous r i n g  c lose  t o  t h e  primary 

would be 340 kn/sec, while t he  observed value i s  200 km/sec 

a t  m o s t .  Thus i t  appears t h a t  what produces r o t a t i o n a l  d i s t u r -  

bance i n  t h e  v e l o c i t y  curve could n o t  be due t o  gaseous r i n g  

located c l o s e  t o  the  s t e l l a r  surface.  I n  o ther  words the  

o the r  p o s s i b i l i t y  t h a t  t h e  f a l l i n g  p a r t i c l e s  d r i v e  the  atmos- 

phere o f  t he  prlrnary t o  r a p i d  r o t a t i o n  may b e  what a c t u a l l y  

happens t o  these  two b i n a r i e s .  

F i n a l l y  it i s  my pleasure t o  thank M r .  Clarence Wade, Jr. 

f o r  car ry ing  o u t  the ca lcu la t ions  connected w i t h  t h i s  paper 

on t h e  IBM 7094 digital computer a t  Goddard Space F l igh t  Center. 

This work has been made poss ib l e  through a research  g r a n t  

from National  Aeronautics and Space Administration. 
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-.lo 

-015 

-e  20 

-.25 

0.30 

-035 

-.40 

-e45 

TABLE 1 

INITIAL CONDITIONS THAT LEAD TO P J U I O D I C  O B I T S  

AROUND THE MOM3 PIASSIVE COMPONENT 

p= 0.1 

-2egOOg 

-2.3016 

-1 9255 

-1 6549 

-1.4449 

-1.2752 

-1.1376 

-1 a0350 

= ? =  0 For A l l  Cases ( 7  

i 
@ =  117 

-2.8289 

-2 2435 

-1.8764 

-1 . 6129 

-1 .w99 

-1 e 2490 

-1.1257 

-1.0226 

&= 1/6 

-2 7882 

-2.2106 

-1 .e486 

-1 5893 

-1 3905 

-1,2355 

-1 1189 

-1 0049 

p= 0.2 

-2,7315 

-2.1638 

-1.8091 

-1 5557 

-1.3634 

-1 . 2183 

-1.1019 

-0.9733 

1 

&c= 0.25 
- 
-2.6408 

-2.0917 

-1 . 7484 

-1 . 5046 

-1 3237 

-1 1957 

-1 a0585 

-0.9180 

-2 54-84 

-2.0173 

-1.6858 

-1 4527 

-1 2870 

-1 1612 

-1.0020 

-0.8571 
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TABLE 2 

VELOCITIES V OF GASEOUS RINGS AT TIPiE OF NLIPSE 
r J  

--- .-.... . . I 

10006 

15028 

. 20092 

2524 

3058 

3634 
04316 

5329 

.io009 

.15042 

. 2014 

2538 

3092 

3722 
.4564 ' 

I 
I From From I From From 

I I 

three-body equa t ion  

problem 
I .-a' three-body equation 

(19) 
I 

problem 
I 

- 1  

/u = 0.1 

2.898 

2.295 
1.9122 

1.6292 

1 3979 
1 . 1897 

9745 

6899 

p= 117 
2,826 

2.234 

1 . 8566 

1.5744 

1 3378 
1.1125 

f 2582 

.8501 

, 
2.999 , 

I 1  

2.447 
! 

2.116 

1.8882 
I 

1 7155 

1 5738 
1.4440 

1.2996 

- - . _ _ _  

10022 

.15063 

.2021 

2559 
3152 

3901 
-4876 

5579. 

. . - . . - - . - - . . __ 

p = 0.2 

2.724 

2.151 

1 7799 
1.4976 
1 . 2504 

9876 
6951 
. 5121 

/y= o.25 
2.926 . roo17 1 2.635 

2.387 15085 2.075 
2.063 . 2029 1 7101 

1.8379 02582 1 . 4264 

1.6649 03226 1 1638 

1.5175 04139 08513 
1.3704 04903 .634l 

I 

I I  
1.2321 .5350 5127 

.. - i . . .  

2.825 

2.305 
I 

I 1.9895 
1.7681 

i 

1 5932 
1 . 4321 
1 . 2809 

1 1975 

2 736 
2 . 230 

1 . 9227 
1.7042 

1 . 5248 

1 . 3462 
1 . 2369 
1 . 1841 



t i o n  d i s c u s e 3  i n  Sec t ion  11. The numerals txcoilipanyhg the 

r e s p e c t i v e  cui-ves denote . Because t h e  s c a l e  of r o t a t i o n a l  

v e l o c i t i e s  i n  t h e  s t a t i s t i c a l .  model i s  not; f ixed ,  the actv.al. 
1 

curves may be  cornpressed o r  st retchecl  a l o n g  the  abscissa with 

a consccluent cbange i n  t h e  orcijmate j.n o r d e r  t o  niaintain the 

no i~~~~ . l i za . ' i . i on .  In consequence of  t h i s  ricg;oec of  unccrts . inty,  

the 5.nt;rinsi.c d i f f c r e n c c  miion; t h c s c  curv iz  i s  t o o  sl.i$it *and 

i s  not cxpectcd t o  be clctccted by o b s e r v a t i o n .  

F i g ,  2 -- Funct ion T;> (y). The CI.I .PV~S r e p r c s e p t  difi 'cren-t; 
J-2 

degrees o f  braking for t h e  case that; t he  i>al;e of c1c:cI'E:asc i n  

t he  s p i n  anzular monentum of a s t a r  at any t ime i s  p r o p o r t i o n a l  

t o  t h e  square of the s p i n  angulai? nlomenturrl, The labe led  val-ue, 


